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1919.] PROBLEMS AND SOLUTIONS. 321 

e sin x ma y be similarly developed. 

e sinx = a + a x x + a 2 x 2 + asx 3 + ■■• + asx 8 + • • •. (2) 

Differentiating, 

e slnx cos x = ai + 2a 2 x + Sazx 2 + 404X 3 + • ■ • + 8a 8 x 7 + • • • 

(•j»2 <j»4 'pS >j*8 \ 

1- 2!"*~4l - 6!~'~8! - '")' 
Equating coefficients, 

o t = ao, 202 = oi, 3aa = a 2 — 2i , 4a 4 = as — -j i 5as = a 4 — ^ + 4] > 

o 3 , Oi _ a 4 . a 2 ao Q _ as , 03 ai 

oa 6 = a 5 -g-j+jj. 7a? = a6 ~2l + 4! ~6!' ~ ~~ 21 + 4! ~ 61 * 

Making x = in equation (2) gives ao = 1 and the preceding equations give 

ai = 1, a 2 = i, 03 = 0, a 4 = — i, a 6 = — T V, ae = — ifo, at = ? V> °s = z$hs- 

Hence, -in- i 1 r 1 ^ x * xi x ° 1 g7 I 31a;8 I 

e - 1 t- x -t- 2 g 15 240^90^ 5760 ^ 

To develop tan x, we notice that tan (— x) = — tan x. Hence, the expansion will contain only 
odd powers of x. 

Assume 

tan x = aix + a3X 3 + asx 6 + a 7 x 7 + a 9 x 9 + • • • . 

Differentiating, 

sec 2 x = ai + 3a 3 x 2 + 505X 4 + 7aix* + Qa^x* + ■•■ = 1 + tan 2 x 

= 1 + (aix + aax 3 + asx 6 + a7X 7 + wfl + • • -) 2 . 
Equating coefficients of like powers of x, 

ai = 1, 3a 3 = ai 2 , 5a 5 = 2aia 3 , 7a 7 = 2aia 5 + a 3 2 , 9a 9 = 2ai07 + 2a 3 a5. 
From these, we obtain 

«i = 1, 03 = i, 05 = j\, 07 = tWi °9 = y! h- 

Hence - tana; = a;+ 5! + ^ + ^- 7 + ^ + --- 

tan x x -t- 3 -f 15 -1- 315 t- 2835 t- • 

Also solved by E. D. Grant, H. L. Olson, J. L. Riley, and the Proposer. 
2738 [January, 1919]. Proposed by W. D. CAIRNS, Oberlin College. 

Prove that between any two points on a unit circle with its center at the origin there is a 
point whose coordinates are rational. 

Solution by P. J. Daniell, Rice Institute. 

Let A'OA be the diameter on the x-axis, and let Pi, P 2 be the two given points. Through 
A draw AT perpendicular to A'OA. Let A'Pi, A'Pz intersect AT in Q u Q 2 . By the theory 
of irrational numbers between the points Qi, Q 2 on AT there is a 
point Q such that AQ is rational and indeed equal to 2m/n, where 
to, n are integers. Let A'Q intersect the circle in P. Then P is 
the required point. It is assumed, and this involves no loss in 
generality, that Pi, Pi lie on the same side of the x-axis. Then P 
lies between Pi and P 2 . 



1 xan 2 1 A , A2 J- n i TC 2_ OT 2 

x = cos e = T^rrv* = nw = 77^ = ^+^ 2 " +e — "— *- — k** 

1 + tsm 2 1+ Z^ 1+ ¥ 2 

is rational. Similarly « = -r— ; — ; is rational. 
n 2 + to 2 

Also solved by R. A. Johnson, H. L. Olson, A. Pelletier, W. R. Ransom, 
J. ROsenbaum, E. Swift, and the Proposer. 




